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Interlayer Shear Slip Theory for Cross-Ply
Laminates with Nonrigid Interfaces

X. Lu* and D. Liut
Michigan State University, East Lansing, Michigan 48824

In the conventional analysis for laminated composite materials, the composite interface is always as-
sumed to be rigidly bonded. However, due to the low shear modulus and poor bonding, the composite
interface can be nonrigid. Based on the previously developed inter laminar shear stress continuity theory
and a linear shear slip law, this study presents a so-called interlayer shear slip theory to investigate the
effect of the interfacial bonding on the behavior of cross-ply laminates. Closed-form solutions for the
cases of the cylindrical bending of long composite strips with [0/0] and [0/90] sequences are obtained.
Numerical results for the laminates with different length-to-thickness ratios are presented. They reveal
that the interlayer shear slip theory is valid for cross-ply laminates with rigid and nonrigid interfaces.
It is also concluded from this study that at some special locations, namely, singular points, the transverse
shear stress or in-plane normal stress remains insensitive to the condition of interfacial bonding.

Introduction

FIBER-REINFORCED polymer-matrix composite mate-
rials have high in-plane strength but low density. They are

excellent materials for high-performance structures. In study-
ing composite structures, classical laminate theory (CLT) has
been widely used for stress analysis. However, CLT is only
accurate for thin composite laminates.1'2 For thick composite
laminates, the transverse shear deformation should be consid-
ered. In addition to thickness, the low shear modulus of poly-
mer matrices also has a significant effect on the transverse shear
deformation.3'4 Consequently, the transverse shear deforma-
tion is an important issue in composite analysis.

Many techniques have been developed for composite stress
analysis. Comprehensive reviews of these techniques can be
found in several articles.5"7 Among the different techniques
reported, the one that has received the most attention in recent
years is the so-called high-order shear deformation theory
(HSDT). By introducing high-order terms for in-plane dis-
placements, many high-order theories7"12 have been presented
for both displacement and in-plane stress analysis. Based on
a layer-wise displacement field, Reddy13 has indicated that the
high-order theories can be summed up by a so-called gener-
alized laminated plate theory (GLPT).

In general, GLPT can give accurate results for displace-
ments and in-plane stresses in laminate analysis. However, it
may not be suitable for interlaminar stress. In composite anal-
ysis, due to the high interlaminar stresses and weak bonding
between the composite layers, delamination can occur easily
on the composite interface. Two types of delamination, namely,
edge delamination14 and central delamination,15 have been widely
investigated. Both of them can be viewed as a result of inter-
laminar stress concentration caused by material property mis-
match in the thickness direction. Because delamination can
greatly reduce the integrity of composite structures, the study
of interlaminar stresses has become an important issue in com-
posite analysis. Since GLPT does not take the interlaminar stress
continuity conditions into consideration, the interlaminar stresses
cannot be obtained from the constitutive equations directly.
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Although it is possible to recover the interlaminar stresses
through the equilibrium equations,16 it is tedious and not suit-
able for structures with complex configurations.

To include the continuity of interlaminar stresses on the
composite interface, it is necessary to formulate the composite
laminate layer by layer. Ambartsumyan17 was among the ear-
liest to present a multiple-layer technique in the composite
laminate analysis. Based on a parabolic distribution for the
transverse shear stresses in the composite layers, he presented
a shear deformation theory that satisfied the continuity con-
ditions. Similar to this work, a refined theory for multilayered
symmetric plates was presented by Librescu and Reddy.18 An-
other stress-based technique that included the interlaminar stress
continuity was presented by Mau et al.19 This technique was
named the hybrid-stress finite element method. Spilker20 and
many other investigators extended this technique for studies
with high-order stress assumptions. In addition to the finite
element analysis, Pagano21 assumed a stress distribution in each
layer. He derived the governing equations for laminate anal-
ysis with use of a variational approach. The continuity of in-
terlaminar stresses was also satisfied in his formulation.

Instead of assuming stresses, DiSciuva22 presented a dis-
placement-based approach that had piecewise linear in-plane
displacements through the thickness while the out-of-plane dis-
placement was constant. A variational method was used to for-
mulate the governing equations. However, due to the low or-
der of the assumed displacement field, the transverse shear
stresses were constant through the thickness. Toledano and
Murakami23 used a similar displacement field in their analysis.
However, they also assumed quadratic transverse shear stress
distributions across each individual layer independently.
Reissner's mixed variational principle24 was used together with
the interlaminar shear stress continuity conditions in their for-
mulation. This technique was valid for improving in-plane de-
formation. However, the interlaminar shear stresses were sug-
gested to be recovered by equilibrium equations because of
accuracy reasons. In addition, by imposing a cubic spline
function to model the through-the-thickness deformation, Hin-
richsen and Palazotto25 presented a quasi-three-dimensional
nonlinear finite element analysis for thick composite plates.
This theory was successfully applied to study the transverse
deflection and in-plane stresses and deformation in composite
laminates with various thicknesses.

In view of the advantages and disadvantages of the tech-
niques reported, it was concluded that an accurate theory for
interlaminar stress analysis should consider the transverse shear
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effect and the continuity requirements for both displacements
and interlaminar stresses on the composite interface. The in-
terlaminar stresses can then be obtained directly from the con-
stitutive equations instead of the equilibrium equations. Be-
sides, it is important that the formulation should be variational
consistent12 and can be extended to finite element analysis for
structures with complex configurations. Based on these un-
derstandings, an interlaminar shear stress continuity theory
(ISSCT) was develeoped by the authors26'27 with a displace-
ment field refined from the GLPT.13 Because of its quasi-three-
dimension in nature, this technique was suitable for both thick
and thin composite laminates.

Nonrigidly Bonded Interface
All of the theories just reviewed are based on the assumption

of rigid bonding, i.e., the displacement on the composite in-
terface remains to be single value. It has been recognized that
the interfacial condition can strongly affect the structure per-
formance. Since the composite interface is mainly dominated
by the matrix of low shear modulus, the interlayer connection
may not be rigid. Therefore, in order to accurately predict the
composite performance, it is necessary to account for the
bonding effect in composite analysis.

Pioneering work in the study of nonrigidly bonded interface
in composite structures was performed by Newmark et al.28

Based on the Bernoulli-Euler beam theory, a laminated beam
theory with a shear slip on the layer interface was developed.
A linear slip law was employed to model the nonrigid con-
nection between the layers. One of the applications of their
theory was for the analysis of two beams connected by nails.
The theory was later extended for plate analysis by subsequent
investigators. In addition, different slip laws were also intro-
duced for nonrigid interface analysis.29"32 However, due to the
fundamental assumptions of the beam theory and the plate the-
ory, the transverse shear effect was not considered in these
studies. To the authors' best knowledge, Toledano and
Murakami33 were the first to use a laminate theory, which ac-
counts for both transverse shear effect and interlaminar shear
stress continuity, to study nonrigid bonding effect. They pre-
sented a technique that incorporated a slip law in their laminate
theory.23 However, the interlaminar shear stresses that gov-
erned the shear slip at the interface were not accurately pre-
dicted by their theory due to the low order of the assumed
displacements and stresses. Instead of laminated analysis, elas-
ticity studies on sandwich beams with nonrigid bonding were
presented by Rao and Ghosh34 and Fazio et al.35 Because of
the analytical complexity, only limited cases were examined.

The objective of this study was to present a technique for
laminated composites with various types of bonding on com-
posite interface. As mentioned earlier, both transverse shear
effect and interlaminar stress continuity condition played cru-
cial roles in composite stress analysis. It then was the objective
of this study to extend the ISSCT for composite laminates with
nonrigidly bonded interface. A so-called interlay er shear slip
theory (ISST) based on a linear shear slip law was developed.
Composite laminates with stacking sequences of [0/0] and [90/
0] under cylindrical bending were investigated. In order to ver-
ify the ISST, an embedded layer approach was also used to
study the same problems. Results from both studies were com-
pared to assess the new theory.

Interlayer Shear Slip Theory
Displacement Field

A composite laminate composed of n layers, as shown in
Fig. 1, is considered. A Cartesian coordinate system is chosen
such that the middle plane of the laminate occupies a domain
H in the x-y plane while the z axis is normal to this plane. The
displacement field at a generic point (x, y, z) in the laminate
is assumed to be as follows:

u(x, y, z) =

v(x, y,i) =

+ S»-i(Jt,

w(x, y, z) = w(x,y)

da)

(ib)
(ic)

where <$} are Hermite cubic shape functions and can be ex-
pressed as

,-, z

<M/} = 1 - 3[(z - z,-,)//*,.]2 + 2[(z - z^AJ

<&° = 3[(z - Zi-J/hf - 2[(z - z,.,)/^]3

4?? = (z- z,.-,)!-! - (z - z^/hf (2)

<#° = (z - z,_,)*{[(z - z,-,)/*, - I]//*,}

^ = <W = ̂  = <W = 0 z < z , _ i or z > z ,

The superscript (/) represents layer number, i.e., the /th layer
of the composite laminate, and hf the thickness of the layer.
As shown in Fig. 1, U(B) and V\B) are the displacements at a
point •(*, y, zj in layer (i), and U(^ and Vjn are at the same
point but in layer (/ + 1). Also shown in Fig. 1, S and T are
the first derivatives of u and v with respect to the z axis, re-
spectively. More specifically, 52/ and T2i represent the nodal
values of du/dz and dv/dz at a point (;c, y, z/) in layer (/ + 1)
whereas S2i-\ and T2i-\ are at the same point but in layer (/).
The displacement w in the thickness direction is assumed to
be constant due to the relatively small value of transverse nor-
mal stress az compared to other stresses.17'36 Accordingly, the
total number of assumed variables is 8n + 1 . However, it is
noted that the importance of crz is debatable under some cir-
cumstance.37 A study about the effect of az in perfectly bonded
laminates can be found in Ref. 38.

If the composite laminate of interest is of cross-ply se-
quence, the constitutive equations for individual layer can be
expressed by the following equations.36

CTy

<TZ

.TnJ

'Qu Qn 613 0
<2l2 222 023 0

2l3 G23 233 0

- 0 0 0 2<266J

e.
(3)

-](') r -\
T,] = \2Q44 0 1
T,J L ° 2e* J

For linear strain-displacement consideration, the following
equations can be employed.

du dv dw 1 /du dw\
e.v = — , ev = — , ez = — = 0, en. = - — + —

dx dy dz " 2 \dy dx/

1 (du dw\ 1 /dv Bw\
e.rr = - —— + —— , Cv- = - —— + ——2 \dz dx] 2 \dz dy] (4)

In addition, on the composite interface, the displacements and
interlaminar shear stresses will have the following relations,
i.e.,
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So, To layer (1)

Fig. 1 Nodal variables and the coordinate system.

At// = U(^ — U\B\ AV/ = V^ — V/B)

lim rt'z+1) - lim r^, lim TV'Z+I) = lim li'z

' i = 1,2, . . . , / i « 1 (5)

where At// and AV/ are interlayer shear slips.

Rigid Interface
If the composite layers are rigidly bonded, there will be no

slip on the interfaces, i.e., At// = AV/ = 0, where / = 1,2,
. . . , « — 1. These conditions imply that

By substituting Eqs. (1) into Eqs. (4), then combining with
Eqs. (3), the stresses can be expressed in terms of displace-
ments. With use of the continuity conditions for interlaminar
shear stresses in Eqs. (5), S2/_i and T2i-\ can be verified to be
functions of 52/ and T2i, respectively,

(7)

If the top and bottom surfaces are traction free, the following
equations are valid, i.e.,

h/2 = 0 (8)

where h is the total thickness of the composite laminate. With
the same fashion as used in obtaining Eqs. (7), four variables
can be further eliminated:

dw dw
~T~» TO = T2n-\ = —~-

dx dy
(9)

It then is concluded that it needs only four variables, Ui9 Vh
52|, and T2i, for each nodal point. Consequently, the total num-
ber of the independent variables is reduced to 4n + 1 . The
reduced variables are assigned new notations and shown in
Fig. 2. The displacement field can then be rewritten as follows,

u(x, y, z) =

(lOa)

(lOb)
J dy

w(x, y, z) = w(x, y) (10c)

The shape functions are given by the following equations:

7 = i - l layer (/) (lla)
7 = i

others (lib)

j = i ~

= 0

layer (i)

others

layer (i)

(He)

(lid)

(He)
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U n . V n . Z n

Un-l,Vn-l, Zn.,

Ui, Vi, z ;

Ui-i.Vi-i.

U k . \ f c , z.

z

Sn-l, Tn_i layer n
f \

Sj Tj nonrigidly bonded interface
?

f- -
Si Ti

layer jk

Si- i , Ti-i
layer i

^ middle plane

layer k

U i . V i , Si
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Fig. 2 Reduced variables.

o

others

7 = / layer (/)
others

(Hf)

(Hg)

Nonrigid Interface
Assume the composite laminate of interest has n\(n\ < n —

1) nonrigidly bonded interfaces that are located between layer
(jk) and layer (jk + 1), as shown in Fig. 1. A set D that con-
tains all nonrigid interface7'*, k = 1,2, . . . , and «,, is defined.
In this study, a linear shear slip law presented by Newmark et
al.28 is employed for nonrigid bonding, i.e.,

AUjk = iLr^9 (12)

where jk E II. The coefficients JJL and v are used to represent
the interfacial shear bonding condition. For rigid bonding, JJL
and v vanish. On the other hand, JJL and v go to +<*> if there
is no bonding on the interface, e.g., the interface is delami-
nated. Since the shear slips A £7 and AV should be finite values,
rv- and rvz will vanish on the delaminated interface.

Substituting Eqs. (12) into Eqs. (5), the displacements above
and below the nonrigid interface will have the following
relations:

jAB) _ rj _ (jk)
UJk UJk /*/AT.rz >

V<B> = y - v. T(A)V Jk VJk Wy: ' v - v(T)
yjk ~ yjk

(13)

where jk G II. Since the continuity of interlaminar shear stresses
is also true for nonrigid interface, Eqs. (7) remain valid.
Therefore, it still requires four variables, Uh Vh S2/, and T2i,
to express each nodal point. Thus, the total number of the in-
dependent variables remains to be 4n + 1. The displacement
field for a composite laminate with «, nonrigidly bonded in-
terfaces then becomes

7=0

(14a)

7=0

(14b)

dy

w = w(;c, v)

where

= = 0 if j & n

(14c)

(15)

ey
(2) = 0

7 = layer (/)
others

Equilibrium Equations
The principle of virtual displacement is used to derive the

equilibrium equations and associated boundary conditions. The
principle of virtual displacement in this study can be stated as

r r
(a-x

J-H/2 Jn

2rX2dexz + 2Tvz5evz) dA dz

2 (rSSAf/, + T^SAV,)d4 - Pz6wdA
7=1 Jn Jn

= 0 (16)

Assume that p and ^ are independent of x and v. In other
words, the bonding condition on each interface is uniform. By
substituting Eqs. (14) into Eqs. (4), the strains can then be
expressed in terms of displacement variables as

VX~
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a2w
7=0

2 lj=0

a 2 w^
+ (A, + A2)

where

(17)

f'̂ ! r/Q(575+1> \ 1 1I X^ I / *£•>•* i l /£v ( l ) /"l(7+1)^(2) I / ( I ) JL(«) I
1 ^ 1 / > I I ———'•— — 1 I ̂ v — l^j x/55 ^7 I — Q 3 — Y*4 (

j"vl7e«"^={2 (-0T-
1.7=1 L \ V£44

(18)

By substituting Eqs. (17) along with Eqs. (3) into Eq. (16),
after integrating by parts and collecting similar terms, the gov-
erning equations become

8w:

Qx,x + Gy,y ~ A.r,xv - A .̂̂ v - Ay,vy + Vis + %,y + Pz

3(7,:

iv. + JVL - ei =

dw

57;:

/ = 1,2, . . . , ' / i « i A en (19)

where 6,̂  is the Kronecker delta. The essential and natural
boundary conditions are obtained and listed in the following
two columns. In analysis, only one condition, either essential
or natural, needs to be specified in each group.

Essential
boundary
conditions Natural boundary conditions

[ _ i _ "'
Qx + n, - A,,.V - -AW + 2 ̂ (G^
. aw\l
jk + —JJ/i,

1 -
i i rr _ \ _ _ \
y -T T]y Av,v Arv,,*

aw

aw

1-
Avilv- ~\~ ~ AVV/IY

2 - -

1 -
- \xynx + \yny

Nj
xynx

(20)

M{nx

/ = 0, 1, . . . , n

/ = 0, 1, ..., /i

/ = 1, 2, . . . , « - 1

7= 1,2, . . . , n - 1

The resultant forces and moments in Eqs. (19) and (20) are
defined as follows,

rh/2

„ Gy) = <
J-/1/2

(T»r, TVZ

/•h/2

(Nj
x, N{, Nj

xy) = (o-x, ay, Txy)& dz
J-h/2

f

J-h/2

rh/2

J-h/2

dz

(A,, A,, A,v) !, ov.A2, r^Aj + r^) dz (21)

d& d<DA
«—— , T V Z — — dz

dz dz /

. f*/2 / d^, <riK\
, /?{.)= T,2-—— ,T V Z -—— dz

J_A/2 \ dz dz /

Closed-Form Solution
In order to verify that the present theory can be used for

composite laminates with nonrigidly bonded interfaces, the cy-
lindrical bending of an infinitely long strip examined by Pagano1

is studied. Figure 3 is the configuration of the composite lam-
inate. The displacement field is reduced to be functions of x
and z only. In other words, all of the derivatives with respect
to y in Eqs. (17), (19), and (20) vanish. By combining Eqs.
(21) with Eqs. (19) along with the stresses and strains from
Eqs. (3) and (17), the final governing equations can be ex-
pressed in terms of independent variables,

(A55 + A55 + y, + y,)w,,, + ]? [(BJ
55 + Bj

55)Uj.x

n-\

m— 1

V j+n(- d'w\+ Z, Mfc(Gs*s H Sjt, + —7 - 7,w vrvv + P. = 0P! v ' djr/
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Fig. 3 Cylindrical bending of an orthotropic laminate: El
x 106 psi; v,2 = v13 = v23 = 0.25.

= 25 x

(22)

106 psi; E2 = E3 = 1 x 106 psi; G12 = G13 = 0.5 x 106 psi; G23 = 0.2

w(0) = w(L) = 0, Ar(0) = A,(L) = 0

AC(0) = AC(L) = 0 m = 0, 1, 2, ..., n (24)

M?(0) = M?(L) = 0 m = 1, 2, . . . , n - 1

The loading P2 is assumed to be sinusoidal distribution, i.e.,

Ps = P0 sin (|&t) (25)
7=0

-(C'ss

- iLjiQK1? sjt + , = o

where #„, 5'55, BJ
55, Cfi, C£, C£, D?'lf £>L Eft, Eg, Fff,

Fig, A55, A55, y2, ti» and y2 are the coefficients of laminate
properties. They can be expressed as follows,

A55 = 2 I" CJSdz, Bi5 = i f CS^dz
7=1 Jr,--i 7-1 Jz/-i

C£ = i) f 2^7, dz, y2 = i) f e£A,.z dz
j=i J=i-\ 7=1 ̂ /-i

y, = S f C'I'/AL dz, y2 = 2 f fiSA?, dz
7=1 Jzi-\ 7=1 •'Zi-l

^11 = i/ f cVi^A, dz, cr, = 2 f G^TA,
7=1 ^/-l 7=1 J=/-l

dz

= 72 (23)

, , d z

i « r-'
G(/,wr dz, FS = 2

. ,--! J=lJ=i-

r.dz

' 7.r dz

Since the laminate of interest is simply supported at x = 0
and L, the boundary conditions are as follows,

where (3 = Tr/L. In order to satisfy the boundary conditions
listed in Eqs. (24), the following displacements are assumed,

u — u cos (j&c) w = w sin (j&c)

t/7- = Uj cos (j8;c) 7 = 0, 1, 2, . . ., n (26)

S, = Sj cos (j8;c) 7 = 1, 2, . . ., n - 1

where M, vv, £/,, and 57 are coefficients to be determined. It is
obvious that w satisfies the boundary conditions, i.e., w(0) =
w(L) = 0. The satisfaction of the remaining boundary condi-
tions can also be verified. By expressing Eqs. (21) in terms
of displacements, it may have

7=0

7=0

(27)

Mm
x =

7=0

It is clear that the resultants in Eqs. (27) are of sine functions.
They all satisfy the boundary conditions listed in Eqs. (24).
Therefore, Eqs. (26) can be a set of solutions to the governing
equations. By substituting Eqs. (26) into Eqs. (22), the coef-
ficients vv, t/,-, and 57 can be determined and a closed-form
solution can be obtained.

Embedded-Layer Approach
Another method to study composite laminates with a non-

rigidly bonded interface is to introduce an embedded layer.
The controversy of this method is the determination of the
thickness of the embedded layer and the material properties
for the layer. In this study, the thickness of the embedded layer
a is assumed to be 0.0764 mm.36 Since only the shear slip is
considered, it is possible to simulate the nonrigid bonding by
adjusting the transverse shear modulus G13. The finite element
method presented in Ref. 27 is used to study the deformation
of the composite laminates with embedded layers. The nu-
merical results are shown in a following section.

Although the slip analysis and the embedded technique are
derived from different bases, a relation between them can be
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A z,Z

x,X

Fig. 4 Pure shear deformation in embedded layer.

3.0n

2.0-

1.0-

0.0-
-16 -12 -8

a) S = 20

B—E beam theory
c Embedded layer

e—o Present theory

-4

0.5-,

600

= 20

3.0-

2.0-

1.0-

0.0-
-16

o————9———&

B-E beam theory
a Embedded layer

&-Q Present theory

-12 -8 -4

b)S = 4

Fig. 5 Maximum deflection of [0/0] laminates as a function of
bonding coefficient.

0.5-1

-30 -20 -10

— Exact solution

o jj,= 10~8

_ O /Z=10~1

b)5 = 4
Fig. 6 In-plane normal stress through the thickness for [0/0]
laminates.

found from the following analysis. Assuming that an embed-
ded thin layer will undergo a pure shear deformation, as shown
in Fig. 4, i.e., ABCD becomes abed after deformation due to
a shear stress r acting on the layer, the displacement field can
be written as follows,

x = X + i = 1 i fZ>0 ; i = 2 i f Z < 0

z = Z (28)

Thus, T can be expressed as

r = GVa tan(a,) = Gi? tan(a2) (29)

In addition, the difference of the displacements at 21 = ±a/2
is of

tan(«2)] - (30)
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0.5-*

x x«» • — Exact solution

0.5n

-.5-

-200

a) S = 20

200

0.5 0.5-,

-.5-*--

b)5 = 4

Fig. 7 Transverse shear stress through the thickness for [0/0]
laminates.

o jj,= 10-6

v /j,= 1Q-'-'
— Exact solution

-2

Fig. 8 In-plane displacement through the thickness for [0/0]
laminates.

If the embedded layer is thin enough to simulate the real
interface, the difference described in Eq. (30) can be regarded
the same as the interlayer shear slip defined in Eqs. (5). Ac-
cordingly, the relations between the embedded-layer approach
and the ISST under the linear shear slip law, Eqs. (12), is

a G(,23> +
(31)

Results and Discussions
Case 1: [0/0] Laminates with a Nonrigid Interface
on the Middle Plane

[0/0] composite laminates with a nonrigid interface on the
middle plane are studied. The numerical results from the closed-
form solution are summarized in the following with use of
nondimensional terms defined by Pagano,1 i.e.,

,*]

P Pr o r <

100/z3£3w(L/2)
w = ————-————,

L4P0

rn.(0,z)fvv = ———, a =

z
h

(32)

Transverse Shear Effect
The maximum deflections calculated from different ap-

proaches are presented in Fig. 5 as a function of interfacial
shear bonding coefficient IJL for both 5 = 4 and 20. 5 is the
ratio of the length to the thickness of the composite laminate,

i.e., L/h. It is usually called aspect ratio1 and is an index of
laminate thickness. Small S is for thick laminates, whereas
large S is for thin. The approach of the Bernoulli-Euler beam
theory can be referred to in Ref. 29. It is concluded that the
results from ISST are quite close to those from the Bernoulli-
Euler beam theory when S = 20. However, the difference be-
tween them is very considerable for 5 = 4. This difference is
apparently due to the transverse shear effect. In addition, the
results from the embedded-layer technique are very close to
those from ISST for both S = 4 and 20. It verifies the feasi-
bility of using Eq. (31) for composite laminates with a non-
rigid interface.

Bonding Coefficient
As shown in Fig. 5, the maximum deflection reaches an

upper limit as ju, approaches 1 while lower limit as //, goes to
zero. The former corresponds to a rigidly bonded interface,
whereas the latter a completely debonded interface. By setting
fji - 10~10 for rigid bonding and /z = 10"1 for completely
debonded interface, it is verified that the deflections from ISST
are the same as those presented in Ref. 26. In addition, it is
concluded from Fig. 5 that the deflection changes dramatically
within a small range of /x. This implies that nonrigid bonding
can have a significant effect on the deflection when the inter-
facial shear bonding approaches the critical range. However,
beyond the critical range, the composite laminate will quickly
lose its integrity and behave like two independent layers with
a lubricated interface.33 This phenomenon has also been re-
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ported in Ref. 33 though the results beyond the critical range
are not presented in detail. In addition, it needs to be pointed
out that the critical range seems to change as the material prop-
erty or geometry change.

Maximum Stresses
Figures 6-8 show the distributions of in-plane stress, trans-

verse shear stress, and in-plane displacement as functions of
interfacial shear bonding coefficient //, for S - 4 and 20. The
solid lines represent the results from Ref. 1 for rigidly bonded
laminates, and the dashed lines represent the results from ISST
for different shear bonding coefficients. By setting /z = 1CT10,
the results from ISST are very close to those from Ref. 1.

From Figs. 6-8, it is also concluded that the in-plane normal
stress bcomes larger and larger as the bonding gets less and
less rigid. For JJL = 10~5 and 10"1, the maximum normal stresses
increase 27 and 97% in S - 20 laminates, respectively, whereas
they increase 25 and 56% in S = 4 laminates, respectively. In
addition, the maximum transverse shear stress for 5 = 20 is
always smaller than that of rigid bonding. However, the max-
imum value for 5 = 4 with nonrigid bonding can exceed the
value of rigid bonding. This is other evidence to indicate that
the transverse shear effect is very important in thick laminate
analysis. Besides, these results seem to further support the
conclusion in Ref. 33 that the damage in a laminate with non-
rigid bonding can take place even before the prediction from
the theory based on the rigid bonding assumption.

In addition, it is shown in Fig. 7 that the delaminated in-
terface has no ability to carry any shear stress, although the

nonrigid interface, i.e., JJL = 10 5, still can transfer shear stress
up to some extent.

Singular Points
It is interesting to point out that there are four singular points

in which the normal stress, iriterlaminar shear stress, and in-
plane displacement remain constants even though the bonding
condition changes. The locations of the singular points are near
z - ±h/3 for both in-plane normal stress and displacement in
5 = 4 and 20 laminates, whereas they are around z = ±h/6
for transverse shear stress. It is believed that these singular
points have special interest for composite laminates with
embedded sensors.

Case 2: [90/0] Laminates with a Nonrigidly Bonded Interface
on the Middle Plane

The numerical results for [90/0] laminates with a nonrigidly
bonded interface on the middle plane are shown in Figs. 9-
12. For maximum deflections, similar conclusions as obtained
in case 1 can be drawn. By comparing the results from the
present theory and the Bernoulli-Euler beam approach, it is
concluded again that the shear effect is very important in the
study of composite laminates with a nonrigidly bonded inter-
face, especially in thick laminate analysis. Besides, the results
of transverse deflection, in-plane stress and displacement, and
out-of-plane stress from ISST for both S = 4 and 20 are the
same as the those given in Ref. 26 when ^ — 0. This implies
that the ISST also can be used for both thin and thick laminates
with rigidly bonded interface.

For both 5 = 4 and 20 [90/0] laminates, the maximum val-
ues of in-plane normal stress and interlaminar shear stress in-
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crease as the bonding gets less and less rigid. For JJL = 10~4

and 10"1, the increases of the maximum normal stress in S =
20 laminate are about 15 and 34%, respectively, whereas the
increases of the maximum shear stress are around 11 and 24%,
respectively. In addition, it can be found that the resultant shear
force is independent of bonding coefficient /i. However, there
are only two singular points that are located in the 0 layer. For
both in-plane normal stress and displacement, it is around z =
-0.29/z, whereas it is near z = -0.21/z for transverse shear
stress.

Conclusions
Excellent results have been obtained from the interlayer shear

slip theory for transverse deflection, in-plane displacement, and
in-plane normal stress in both symmetrical and unsymmetrical
laminates. Because of the consideration of interlaminar shear
stress continuity conditions, the interlaminar shear stress from
the present theory can be calculated accurately from the con-
stitutive equations directly. Numerical results have concluded
that the interlayer shear slip theory can be used to study both
thin and thick composite laminates with rigid and nonrigid in-
terfaces. In addition, the present theory can be extended to
finite element formulation and used to study both cross-ply and
angle-ply laminates with nonrigid bonding at various boundary
conditions.
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